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Abstract 

Employing a twisted superspace with eight supercharges, we describe an off-shell 
formulation oi N = 4 D = 3 twisted super Yang-Mills in the continuum spacetime 
which underlies the recent proposal of N = 4 D = 3 twisted super Yang-Mills on a 
lattice [6]. By a dimensional reduction from the N = 2 D = 4, we explore the two 
possible topological twists of N = 4 D = 3 and then show that the lattice formulation 
given in [6] is essentially categorized as the B-type. We also show that, amongst the 
two inequivalent twists of N = 4 D = 3, only the B-type SYM can be realized on the 
lattice consistently with the Leibniz rule and the gauge covariance on the lattice. 

1 Introduction 

It has been two decades since the twisted supersymmetry (SUSY) was first introduced pQ. 
Although the notion of twisted SUSY was originally proposed in the context of topological 
field theories [HOE], it has been recently paid much attention also from the lattice SUSY 
point of view [H El El Ej- The main purpose of lattice SUSY is to provide a constructive 
formulation of supersymmetric models. To this end there have been a wide variety of studies 
addressing this subject [HI El EH E]. On the other hand, it has long been recognized that 
there are a couple of obstacles in formulating lattice SUSY, such as the breakdown of Leibniz 
rule and the existence of fermion doubling on the lattice. The twisted SUSY is providing 
a fundamental framework to overcome these difficulties. In the series of studies [U El E], 
we formulated the N = D = 2 twisted Wess-Zumino type models, N = D = 2 twisted 
super Yang-Mills (SYM) and N = 4 D = 3 twisted SYM on a lattice. Starting from a 
careful observation of difference operators and supercharges, we introduced the notion of 
lattice Leibniz rule conditions. We then explicitly showed that the Dirac-Kahler twisted 
SUSY algebra can satisfy these conditions. As a result, we could realize all the supercharges 
and the invariance on the lattice by systematically introducing the link (anti-)commutator 
algebra. It is crucial to observe that the importance of the twisted SUSY can be traced back 
to the intrinsic relation between twisted fermions and Dirac-Kahler fermions [121 [131 E]- 
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Furthermore, the very recent development in terms of the matrix formulation [15] is serving 
as a fundamental framework realizing the above picture more rigidly. It is also interesting to 
mention that the above link approach of lattice SUSY and the so-called orbifold approach of 
lattice SUSY [10] turn to be closely related each other, which was mentioned in the discussion 
in [5] and also recently pointed out in [16J. 

Keeping these circumstances in mind, in this paper, we describe a manifestly off-shell 
formulation of the N = 4 D = 3 twisted SYM in the continuum flat spacetime which 
underlies our recent proposal of the N = 4 D = 3 twisted SYM on the lattice. Studies 
of the N = 4 D = 3 twisted SYM in the continuum spacetime have been given in the 
past [UJ HH] with the classification of two inequivalent topological twists which are called 
the super BF type (A-type) and the Blau-Thompson type (B-type). The twisted SYM 
multiplets and the algebra given in these studies are not entirely off-shell. In this paper, we 
explore these inequivalent twists entirely in a off-shell regime. We then show that the lattice 
SYM multiplet given in [6] is categorized as the B-type twist. We also investigate these two 
inequivalent twists from the lattice point of view and show that only the B-type multiplet 
can be realized on the lattice consistently with the Leibniz rule and gauge covariance on the 
lattice. 

This paper is organized as follows. In Sec. 2, starting from the N = 4 D = 3 SUSY 
algebra, we introduce a twisted N = 4 D = 3 superspace formulation. We employ an ex- 
tended SUSY superconnection method in order to provide a manifest gauge covariant off-shell 
framework. Introducing the N = 4 D = 3 twisted SYM constraints for the supercovariant 
derivatives, we construct a manifestly invariant formulation of N = 4 D = 3 twisted SYM 
in the continuum spacetime which underlies the recent proposal of twisted SYM on a three 
dimensional lattice [6]. We also discuss about the twisted SUSY exact relation between the 
super Chern-Simons and the SYM completely in the off-shell regime, stressing that the ex- 
istence of sub-algebra and sub-multiplet is responsible for the off-shell super Chern-Simons 
realization. In Sec. 3, by a dimensional reduction from the N = 2 D = A twisted SYM, we 
explore the two possible twists of iV = 4 D = 3. We then show that the lattice formulation 
of SYM given in [B] is classified as the B-type twisted SYM. In Sec. 4, after reviewing the 
notion of the lattice Leibniz rule [H [6] , we examine the possibilities of realizing the twisted 
N = 2 D = A, N = A D = 3 A-type and B-type SYM on the lattice. We then explicitly 
show that only the B-type twisted SYM can be consistent with the lattice Leibniz rule and 
the gauge covariance on the lattice. Namely, the formulation given in [S] is the unique lat- 
tice realization of iV = 4 D = 3 twisted SYM satisfying these conditions. Sec. 5 gives the 
summary and the discussions. 

2 Superspace formulation of N = 4 D = 3 twisted SYM 

In this section, employing a twisted superfield method with eight supercharges, we explicitly 
perform an off-shell construction of the N = 4 D = 3 twisted SYM. It provides the underlying 
continuum theory for the recent proposal of twisted SYM on the three dimensional lattice 
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[6]. We start from the following JV = 4D = 3 SUSY algebra, 



{QahQjf}} = 2Sij(7fn)apPn, (2-1) 
[Jfi,Qai] = +-AH IJ )a[}Qf}i, [J^Qia] = -g^i/J^W (2.2) 



[Rp,Qai\ = ~7;Q<xj{l»)ji, [Rp,Qia\ = +n(lp)ijQjai ( 2 -3) 



\J pi Pv\ ^pupPpi \JfiiJv\ i^pvpJpi \Rp,i Rv\ ^p,vpRpi (2-4) 

[R^Pu] = [Pp,P u ] = [Jp,Ru] = 0, (2.5) 



where the gamma matrices 7 M can be taken as the Pauli matrices, 7 M (/i = 1,2,3) = 
(cr 1 , a 2 , a 3 ). The conjugate supercharge Q ia can be taken as the complex conjugation of 
Qai, Qia = Qai- The J ^ and Z? M (/i = 1,2,3) are the generators of SO{3)e — SU{2)e 
Euclidean Lorentz rotations and SO{3)r ~ SU{2) R internal rotations, respectively. 

As in the case of N = D = 2 [I! H3J IS] and N = D = 4 [H [171 U the twisting 
procedure can be performed by taking the diagonal subgroup of the Lorentz rotations and 
the internal rotations. Here in the case of N = 4 D = 3, we take the diagonal subgroup 
(SO(3)e x SO(3)ii)diag whose covering group is (SU(2)e x SU(2)n)di a g- This corresponds 
to introducing the twisted Lorentz generator J^ m9 as a diagonal sum of J M and R^, J^ a9 = 
Jp + Rp- Since, after the twisting, the Lorentz index a and internal index i are rotated on 
the same footing, the resulting algebra is most naturally expressed in terms of the following 
Dirac-Kahler expansion of the supercharges, 

Qai = (Is + ipS^ai, Q ia = (ls + 7 M s M )j a , (2.6) 

where 1 represents the two-by-two unit matrix. The coefficients (s, s M , s M , s) are called the 
N = 4 D = 3 twisted supercharges. After the expansions, the original SUSY algebra ( 12. ip 
can be expressed as, 

{s,sp} = Pp, (2.7) 
{spi i^pvpPpi (2-8) 

{s,s,} = P„ (2.9) 
{others} = 0, (2.10) 

where e^p is the three dimensional totally anti-symmetric tensor with £123 = +1. The 
Lorentz and the internal rotations of the supercharges are re-expressed on the twisted basis, 

(2.11) 
(2.12) 
(2.13) 
(2.14) 
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Notice that (s,s) and (s M , s M ) transform as scalars and vectors under (<90(3)£ x 50(3)^)^^, 
respectively. Namely, under the twisted Lorentz generator J^ m9 = J p + R p they transform 
as 

[Jf a9 ,s\ = [Jf a9 ,s] = 0, [J?»,8 V ] = -ie^s,, [Jf aa ,s v ] = -i Hvp S p . (2.15) 

Once we have the SUSY algebra of (s, s^, s M , s), we can construct the corresponding 
superspace by introducing the fermionic coordinates 6a = (9,9^,9^,9). The N = D = 2 and 
N = D = A Dirac-Kahler twisted superspace formulations are elaborated in [T3"j [TJ] . Here 
we begin by considering the following supergroup element of the twisted N = 4 D = 3, 

G{x p , 9,9^9^,6) = e i(-^+^+e^+e^+0s) _ ^, 16 ) 

By using the algebra (12. 71) - (12.101) . we have, 

G(0,£,^,OG(£ M ,M^A^) =Gf(s M + a M> + £A + e M A + £ M ,0 + e), ( 2 - 17 ) 

where the variations of the bosonic coordinates, a M , are given in terms of the combinations 
of the fermionic coordinates, 



«p = + \&p + + \t p 9 + \e^9 u - \e, vp ^6 v . (2.18) 



Expanding the r.h.s. of (12.171) w.r.t. £m> 0> 

+ 0m> e + ^ ^ + ^ 6i M + ^ g + = (^q + ^ + ^ + ^Q)G(x„ 0, M , M , 0), 

(2.19) 

one finds the superspace expressions of the N = 4 D = 3 twisted SUSY generators (Q, Q„, Q p , Q), 

A 4 



Q = i+ Q„ = J- + - ie^„a pj (2.21) 



which satisfy the following algebra, 

{Q,QJ = +W» (2.22) 

{Q»,Q V } = +^pd P , (2.23) 

{Q,Q,} = +id„ (2.24) 

{others} = 0. (2.25) 

Note that the above SUSY generators are induced by the left multiplication of the supergroup 
element (12.171) . In contrast, we also have the following N = 4 D = 3 superderivatives 
(D, D^, Dp, D) which are induced by the right multiplication of the supergroup element, 

G^,MmA:0) G ( o ^>^^ (2-26) 
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D = ^ - i0„0 M , = J- - 1^ + -e^A^- (2.28) 

The super derivatives satisfy the following algebra, 

= -ify, (2.29) 

= -e^ p 9 p , (2.30) 

{ADJ = -ify, (2.31) 

{ot/iers} = 0. (2.32) 

It is important to note that the SUSY generators Qa = (Q,Qu,Qij,,Q) and the superderiva- 
tives Da = (D, D^, D^, D) anti-commute each other, 

{Qa,D b } = 0. (2.33) 

Having these superspace operators in hand, we then proceed to formulate the N = 4 D = 
3 twisted SYM by means of the superfield method. One of the most systematic treatments to 
construct the supersymmetric gauge theories is the so-called super-connection method which 
was introduced in [22]. It was also applied to the investigation of topological quantum field 
theory [23] . The detailed analysis of super-connection formulations for twisted N = D = 2 
and N = 2 D = 4 from the Dirac-Kahler point of view are given in [TJJ [21]. 

We first introduce the N = 4 D = 3 fermionic gauge covariant derivatives = 
(V^V^V), 

v = D-iror,0,M/*>0)> v m = D^-ir^e^e^, (2.34) 

V = D-iT(x, 6,6^6^6), V p = D„ - iT^x, 9,9^ M ,0), (2.35) 

where Ta = (T, T^, T M , T) are denoting the superconnections associated with the superderiva- 
tives. All of the IVs are the functions of (x, 9, 9^,9^,9) and are belonging to the adjoint 
representation of the gauge group. The fermionic gauge covariant derivatives Va are trans- 
forming under the supergauge transformations as follows, 

V A -> V A = e~ in V A e +in , (2.36) 

where Q = Q(x, 9, 9^, 6* M , 9) denotes the generic hermitian superfield as we will see later on. 
Since the above super-connections Ta contain a large number of component fields, 

T A = ip A + 9 B ip BA + 9 c 9 b ^cba + • • • , (2.37) 

the resulting multiplet might become highly reducible in general even after taking the Wess- 
Zumino gauge. The central issue of formulating the extended supersymmetric gauge theories 
is thus how to reduce the number of component fields and how to obtain the irreducible SUSY 
multiplet in a gauge covariant manner. 
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One of the possible ways to obtain such an irreducible N = 4 D = 3 twisted SYM 
multiplet is to impose the following constraints on the fermionic gauge covariant derivatives, 



{V,V M } = -i(V E (2.38) 

{V M ,V,} = - W (V £ + ^), (2.39) 

{V,V M } = -i(y E -i^) } (2.40) 
{others} = 0. (2.41) 

The V M and $M are the superfields whose lowest components are representing the gauge 
covariant derivatives and the scalar fields, respectively, 

V £ = d M - iA„ + • • - , (2.42) 
$M = + . . . , (2.43) 

here and in the following the dots ■ ■ • are representing the possible higher order terms w.r.t. 
the fermionic coordinates 9 a = {0, 8^,6^,6). All of the components in the superfields V M and 
$w, including and <p^\ can be essentially expressed in terms of the component fields 
embedded in the superconnections Ta = (T, T^, T^, T). 

There are several remarks in order. First, since in the constraints f)2.38l) - fl2.41l) we intro- 
duced the scalar fields 0^ on the same footing as the gauge fields A^, one may wonder how 
these fields are transformed under the Lorentz SO(3)e and the internal SO(3)r rotations. 
Reminding that the fermionic covariant derivatives Va = (V, V M , V M , V) are transforming 
just like as sa = (s, s^, s^s) in (I2.lip - fl2.14p . respectively, one finds from fl2.38p - fl2.4ip . 

[J M) V,±i$M] = -i e/1I/p (V £ + i$W)-^ p (V £ -i$W) (2.44) 

= -«W v p> ( 2 - 45 ) 

from which it obeys, 

[J^u\ = -ie^ p V E , = 0. (2.46) 

Namely, the gauge fields A^ are actually transforming as a SO(3)e vector while the scalar 
fields (j)^ are transforming as SO(3)e scalars. In contrast, one could also obtain 

[^,VJ = 0, [RpM v) ] = -^v P & p \ (2.47) 

which implies that the A^ and (f)^' are transforming as SO(3)r scalars and a vector, respec- 
tively. One can thus see that even though the (fy^ are introduced on the same footing as the 
gauge fields A^, they are appropriately transforming as scalars of the original Lorentz rota- 
tions. Obviously, the sign difference in front of the $^ in fl2.38l) - fl2.40l) is responsible for these 
transformation properties. Furthermore, one should notice that, after the twisting, both of 
A^ and transform as vectors under the twisted rotational group (SO(3)e X SO(3)ji)diag, 

[jf a9 ,VJ = -ie^Vp, [jf a9 M^\ = -z W $W (2.48) 
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The combinations V M =F appeared in the r.h.s. of fl2.38p - fl2.40p are thus the covariant 
expressions w.r.t. the twisted rotational group (SO(3)e x SO(3)R)di a g- 

The second remark is regarding the hermiticity of the constraints fl2.38p - fl2.4ip . We 
impose the following hermitian conjugation properties on the fermionic covariant derivatives, 

V f = V, Vt = V M! (2.49) 

which are consistent with the complex conjugation nature of the supercharges Q a i and Q ia 
in (12. II) . Q* ai = Q ia . One could easily notice that, in order to be compatible with the 
constraints (I2.38p - fl2.40l) . the supergauge transformation Q in ( I2.36P should be hermitian. 
Correspondingly, one can take the and the scalars <j>^' as the hermitian fields which 
transform under the gauge transformation as, 

dp-iAp -> e- iuj {d^-iA^e +luJ , <j) M -> e~^0 M e+^, (2.50) 

where u denotes the 9a independent first component of the supergauge transformation Q 
satisfying u>^ = u. 

The third remark is that the constraints fl2.38l) - fl2.41l) corresponds to the naive continuum 
limit of the N = 4 D = 3 lattice SYM constraints recently proposed in [6], where the gauge 
fields A^ are exponentiated together with the scalar fields <p^ such that they could represent 
the bosonic gauge link variables either of the forward or the backward type, 

8, - i(Ap ± 0^) - T(e ±iiA ^\ ±n „ x , (2.51) 

where the subscripts indicate that they are located on links from x to x + (forward) and 
x to x — ri/j, (backward), respectively, for a generic site x. As is also stressed in jH El E], 
the twisting is playing a fundamental role in realizing the supersymmetry on the lattice and 
it can be traced back to the intrinsic relation between the twisted fermions and the Dirac- 
Kahler fermions [121 DSl EE]- Here we find the importance of the twisting in the bosonic 
sector as well. Namely, the exponential forms in (12.511) can transform covariantly only under 
the twisted rotational group (SO(3)e x SO(3)n)dia g and not under the SO(3)e and SO(3)r 
independently. We will come back to this point once again in Sec. HI 

Once we impose the constraints fl2.38p - fl2.4ip . the whole information of the resulting 
N = A D = 3 twisted SYM multiplet can be obtained by analyzing the Jacobi identities 
together with the constraints fl2.38l) - fl2.41l) . For the notational simplicity, we re- write the 
constraints fl2T38l) - fl2T4ll as 

{V,V,} 
{V M ,V,} 
{V,V M } 
{others} 

The symbols V± M are defined by 



V ±M = V^$ (M) (2.56) 

= d^-i(A fl ± ( f>^) + --- , (2.57) 

= V ±li + ■ ■ ■ , (2.58) 
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(2.52) 
(2.53) 
(2.54) 
(2.55) 



where we denote the 6 a independent part of V± M as T)± il = <9 M — i(A^ ± </>w). Since 
the N = 4 D = 3 SYM constraints (BT521) are formally similar to the lattice SYM 
constraints in [B] , the Jacobi identity analysis also goes parallel to the lattice analysis 0. The 
Jacobi identities of three fermionic covariant derivatives give, 

\y lt ,v +u ] + \y v ,v +IM ] = o, [v M ,v + ,] + [v„v +M ] = o, (2.59) 

[V^V+vl-ie^p^V-p] = 0, [V^V+J +^ P [V,V_ P ] = 0, (2.60) 

e^A[V p ,V_ A ] +e p , A [V p ,V_ A ] = 0, e p , A [V p ,V- A ] + e p , A [V M ,V- A ] = 0, (2.61) 
[V,V +A J = [V,V+ M ] = 0, (2.62) 

from which we can define the following non-vanishing fermionic superfields (T, A M , A M , T) 

[V,V_ P ] = + (A p ), [V,V_ P ] = +(A p ), (2.63) 

[V P ,V+,] = +ze p „ p (A p ), [V p ,V + „] = -ie^ p (A p ), (2.64) 
[V„,V_„] = -^(T), [V P ,V_„] = -V(T). (2.65) 

We denote the lowest components of the fermionic superfields (T, A p , A M , T) as (p, A M , A M , p), 

T = p + • • • , T = pH , A M = A„ + • • • , A„ = A„ + ■ ■ ■ . (2.66) 

The (p, A p , A M , p) are representing the N = 4 D = 3 twisted fermions in the SYM multi- 
plet. The vanishing conditions resulting from the relations fl2.59l) - fl2.62l) also give rise to the 
covariant "chiral" or "anti-chiral" conditions for V± M , for example, 

[V,V +3 ] = [V 3 ,V +3 ] = [V 3 ,V +3 ] = [V,V +3 ] = 0, (2.67) 
[Vi,V_ 3 ] = [V 2 ,V_ 3 ] = [Vi,V_ 3 ] = [V 2 ,V_ 3 ] = 0. (2.68) 

One also has the similar conditions for V±i and V±2- All the commutators of Va = 
(V,V P ,V P ,V) and V± p are summarized in Table [U As we will see, these conditions are 
playing important roles when constructing the twisted SUSY invariant action. 

By taking the anti-commutators of V^'s with the relations fl2.63p - fl2.65p . we have, 

{V,A„}-i e 



[V +p ,V +(7 ] = 0, {V,A p } + ie pp(T [V +p ,V +(T ] 


= o, 


(2.69) 


<V{V,T} = 0, {V P X}-^{V,T} 


= o, 


(2.70) 


eA^ P {V p , A p } + iexf, P [V +u , V_ p ] - e^ p {V A , A p } 


= o, 


(2.71) 


6^ u { V, T} + i[V- u , V +M ] - {V M , K} 


= o, 


(2.72) 


«V, T} + i\y_ V) V +p ] - {%, A u } 


= o, 


(2.73) 


^,T} + ej w [V- 10 V. p ]+WV Al T} 


= o, 


(2.74) 


{V,A P } = {V,A M } = {V M ,T} = {V„T} 


= o, 


(2.75) 



2 Since in the lattice formulations of SYM [HE] all the operators are generically defined on links, all the 
(anti-)commutators are replaced by the "link" (anti-)commutators. See also the Sec. 2] of this paper. 
3 For the later convenience, we took the sign conventions of (p,~p) oppositely from the ones given in [6]. 
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Table 1: All components of the commutators [Va, V± m ] with V a = (V, V M , V M , V) 



which can be solved w.r.t. the anti-commutators of the fermionic derivatives Va and the 



fermionic superfields (A M ,A M ), 

{V,A M } = +i ew(T [V+ p ,V+ CT ], {V,A M } = -I eMp(T [V+ p ,V+ CT ], (2.76) 

{V M ,A„} = -<^S, {V M ,A,} = -S^G, (2.77) 

{V M ,A„} = -i[V +/i ,V_,]-^(/C-^[V+ p) V_ p ]), (2.78) 

{V M ,AJ = -z[V+ M ,V_,] + V(/C + ^[V+ P ,V_ P ]), (2.79) 

{V,A M } = {V,A M } = 0, (2.80) 
and of the fermionic derivatives Va and the superfields (T, T), 

{V„T} = -I W [V_ P ,V_ CT ], {V M ,T} = +I W [V_ P ,V_ CT ], (2.81) 

{V,T} = +/C + £[V + „V_„], {V,T} = -/C+1[V +P ,V_ P ], (2.82) 

{V,T} = -g, {V,T} = -0, (2.83) 

{V„,T} = {V M ,T} = 0, (2.84) 

where we introduced the auxiliary superfield C?, /C whose first components are representing 
the bosonic auxiliary fields (G, G, K) in the N = 4 D = 3 twisted SYM multiplet, 

g = G + ---, g = G+---, K = K + ---. (2.85) 



One can show that all the other higher Jacobi identities can be expressed in terms of the 
fermionic covariant derivatives (V, V M , V M , V), the gauge covariant derivative superfields 
V± M , the non-vanishing fermionic superfields (T, A M , A M , T) and the auxiliary superfields 
({?, /C). As we will see, the lowest components of the superfields (V± M , T, A M , A M , T, /C) 
are representing the off-shell multiplet of N = 4 D = 3 twisted SYM. 
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The SU{2) E x SU{2) R rotational properties of the component fields can also be read off 
from the above Jacobi identities, 

(2.86) 
(2.87) 
(2.88) 
(2.89) 

[Rp, K] = 0. (2.90) 

One sees that, after the twisting, the fermions (p, A M , A^, p) are transforming as (scalar, 
vector, vector, scalar) while all of the auxiliary fields (G, G, K) remain as scalars under 

Jdiag = J ^ + ^ 

The SUSY transformations of the component fields can be determined from the above 
Jacobi identities via 

s A <P = {V A Me's=o, (2.91) 

where the <p denotes any of the component field (T>± fJi , p, A M , A M , p, G, G, K) in the SYM 
multiplet while the \l/ denotes the corresponding superfields ( V± M , T, A M , A M , T, Q, Q, /C), re- 
spectively. The symbol \e' s =o means that the 9a = (9, 9^,9^, 9) are all taken to be zero. All 
the N = 4 D = 3 twisted SUSY transformation laws for the component fields are listed 
in Table [2j As a natural consequence of the constraints (j2.38p -( l2~4"T|) or (I2.52p - fl2.55l) . the 
resulting N = A D = 3 twisted SUSY algebra for the component fields closes off-shell modulo 
gauge transformations, 

(2.92) 
(2.93) 
(2.94) 

{others}^ = 0, (2.95) 

where the (p again denotes any component of the SYM multiplet (T>±^, p, A M , A M , p, G, G, K). 
As described in |13[ [HI [21], once all the SUSY transformation laws of the component fields 
are obtained, the corresponding superfield expressions can be given by operating e s ° on the 
lowest components, where Sg = 9s + 9^s^ + 6> M s M + 9s for the twisted N = A D = 3, 

(V ±M ,T,A M! A M ,T,S,S,/C) = e 5 e(V ± „p,\p>K;P,G,G,K). (2.96) 

The N = 4 D = 3 twisted SYM action can be manifestly constructed with the help of 
the "chiral" and "anti-chiral" superfields V± M . For example, if we focus on the V±3 which 
are subject to fl2.67l) - fl2.68p . the invariant action can be given by either of the following 
expressions, 

d 3 x [ d9 1 d9 2 d9 1 d9 2 trV +3 V +3 , / d?x [ d9d9d9 3 d9 3 trV_ 3 V_ 3 . (2.97) 





-i[V +fl ,cp], 


{Sfj,,S v }<p = 




{s,Sp}p = 


-i[V +ft ,<p], 
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Table 2: SUSY trans, laws for twisted iV = 4D = 3 SYM multiplet (V ±li ,p, X p , X p ,p, G, G, K) 



In terms of the lowest component fields ©±3, the above expressions are essentially equivalent 
to the successive operations of the supercharges on the lowest components T>± 3 , 

d 3 x J s 1 s 2 s 1 s 2 tiV +3 V +3 , J d 3 x J sss 3 s 3 trP_ 3 £>_ 3 , (2.98) 

respectively. By consulting the SUSY transformation laws summarized in Table [2l one can 
show that these two combinations are equivalent and give rise to the following SYM action, 

Stsym =3 = J d 3 x ^sis 2 s lS2 tr V +3 V +3 = J d 3 x ^sss 3 s 3 tr V_ 3 V_ 3 (2.99) 

^[V +p ,V_ p ][V +u ,V_ u ] - ±[D +p ,V +u ][D_ p ,V_ u ] +K 2 + GG 



d?x tr 

+iXp[D +p , p\ + iX p [V +p , p] + e pup X p [V_ u , X p 



(2.100) 



The exact form w.r.t. all the supercharges of twisted N = 4 D = 3 manifestly ensures the 
invariance of the action under any of the SUSY transformation, 



saStsym =3 = 0, s A = (s,Sp,s p ,s). (2.101) 
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By substituting £> ±A1 = — i(A^ ± 0^), the action can be written as 
d 3 x tr 



q7V=4 D=3 
^TSYM 



+iA At [P M , p] + iA^fP^, p] + e^pX^Vv, Xp] 
+X fl [^\p] + X^\p] + ie^pX^lXp] 



+ K 2 + GG 



(2.102) 



where F^ = i[D^, V v ] are representing the field strength with the gauge covariant derivatives 
T>^ = d^—iA^. The tr is representing the trace for the gauge group. One could notice that the 
kinetic terms, the potential terms and the Yukawa coupling terms are naturally arising from 
the combinations of the T>±^ in (12.1001) . The action (I2.102p is the continuum counterpart of 
the twisted JV = 4D = 3 lattice SYM action proposed in [6j. 

Here we have a couple of remarks regarding the action (I2.102p . First, the action can 
be expressed by re-writing the fermion kinetic terms and the Yukawa coupling terms in the 
following way, 



Q N=4 D=3 
^TSYM 



d x tr 



\f, v F, v - [D„ 0M][P M> M ] - \[^\ M ][0 M , (i/) ] + K 2 + GG 



(2.103) 



where we introduced the "untwisted" basis of fermions ipai and ij) ia defined by the expansions 
w.r.t. the N = 4 D = 3 twisted fermions (p, A M ) and (p, A M ), respectively, 



V3 



(lp + 7/.A 



fi Jan 



y/3 



(lp + 7/.A 



(2.104) 



The 1 again denotes a two-by-two unit matrix while the gamma matrices 7 M are taken as 
the Pauli matrices, 7 M (p = 1, 2, 3) = (oi, cr 2 , (T3). In terms of the untwisted fermions (12.1041) . 
one could see the manifest invariance of the action (I2.103P under the independent SU{2) E 
and SU{2)r rotations. The expressions (12.1041) also imply that the N = 4 D = 3 twisted 
fermions have one-to-one correspondences with a three dimensional Dirac-Kahler fermion 
components [25]. This is more clearly seen in the corresponding lattice formulation given in 
[5J, where the iV = 4 D = 3 twisted fermions (p, A^, A^, p) are essentially embedded in the 
three dimensional lattice as a (0-form, 1-form, 2- form, 3-form), respectively. 

One should also notice from the second equality in (I2.99P that the JV = 4D = 3 twisted 
SYM action can be expressed by the ss-exact form, 



N=4 D=3 
TSYM 



ss I d x S3S3 tr r , _ 3 r , _ 3 
1 



ss / d x tr 



(2.105) 
(2.106) 



After using the cyclic trace property, partial integrations and the commuting nature of the 
derivative operators, [<9 M , d u ] = 0, one finds that the above action can be written down as the 
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ss-exact form on the following Chern-Simons type action attached with the fermion bilinear 
term pp, 

StsA? =3 = \ssSscs, (2.107) 



Sscs = I d x tr 



a p ] - \\ i A » > A p D + 2 PP 



(2.108) 



where the symbols A~ are defined by A~ = A^ — (j)^>. It is rather striking to recognize 
that the SYM action and the above type of Chern-Simons action are intrinsically related 
by the twisted SUSY transformations. This result is actually consistent with the (on-shell) 
formulations of iV = 4 D = 3 twisted SYM with the auxiliary one-forms B and B given in 
[TTl [T8] . Furthermore, thanks to the manifestly off-shell formulation here, it is easy to show 
that the Sscs can also be expressed by the siSi and S2S2 exact forms, 

Sscs = / A tr X>- 3 X>- 3 = / A tr = / <P* ^ tr P_ 2 P_ 2 , (2,09) 

from which it obeys the invariance of the Sscs under the six of the twisted SUSY transfor- 
mations {si,s 2 ,s 3 ,sx,s 2 ,s 3 ), 

s^Sscs = s^Sscs = 0, (/i = 1,2,3). (2.110) 

It is important to recognize here that the supercharges (s M , s M ) and the sub-multiplet 
(X>_^, p, p) form an off-shell closed sub- algebra embedded in the entire N = 4 D = 3 twisted 
SUSY algebra fl2T92|) - fl2T95|) . 

{s^,s u }ip sub = -e^plV-pitpsub], (2.111) 
{sp,s u }^ sub = {sp,s v }(p sub = 0, (2.112) 

where tp sub is representing any component of the sub-multiplet (p sub = p, p). 

Another important observation is that the Lagrangian density in the Sscs transforms 
as a scalar only under the twisted rotations J^ a9 = J M + and not under the J M and 
the Rp, independently, which implies that the action Sscs is purely a twisted object. As a 
consequence, one cannot perform "untwisting" the action Sscs even m the flat spacetime. 
This should be compared to the rotational property of S^y&F =3 which is invariant under 
the J M and rotations independently. The other type of J^ a9 scalar Chern-Simons type 
action can be found by noticing that the Stsym =3 is also expressed as the following form, 

Stsya? =3 = I J d 3 x s^ss tr V- U V„ V (2.113) 

= \s^S'scsi (2-114) 

where p and v are summed up from 1 to 3. The S' scs is given by the Chern-Simons type 
action with a mixed combination of A^ = A^ ± attached with another fermion bilinear 
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terms A M A^, 



scs 



- I d 3 x ss tr V_ V V_ V 



d 3 x tr 
d 3 x tr 



1 2 — ' 

c w {i(A+ + 2A-)[d Vi A+] - l -A-[A+,A+ p }} + ^A M A M 



(2.115) 
(2.116) 
(2.117) 



It is clearly seen from its exact form that the S' scs is invariant under the scalar type twisted 
SUSY transformations s and s, 



scs 



sS 



scs 



0. 



(2.118) 



The above SUSY invariance is again supported by the existence of the sub-algebra and the 
sub-multiplet embedded in the entire twisted iV = 4D = 3 algebra f l2.92l) - fl2.95l) . 



s2( P'sub 



(D±fj,, A^, 



0. 



(2.119) 



A,)- 



3 twisted SYM action S^sym 3 can be realized on 



which holds off-shell for the sub-multiplet (p' sub 

Remembering that the N = 4 D 
the lattice consistently with the lattice Leibniz rule conditions [6 J , one may wonder the above 
exactness relation between the SYM and the super Chern-Simons would be playing a key 
role also in realizing the Chern-Simons on the lattice. Since addressing this topic is beyond 
the initial scope of this paper, we keep this subject as our future study. In the next section 
we will shed light on the rather different aspect of the N = 4 D = 3 twisted SYM, namely 
its dimensional reduction aspect from N = 2 D = A twisted SYM. 



3 Two possible twists of N = 4 D = 3 SYM 

In this section, by a dimensional reduction of the N = 2 D = 4 twisted SYM constraints, 
we explore the two possible twists of N = 4 D = 3 SYM and we show that the N = 4 D = 3 
twisted SYM in the last section is essentially classified as the B-type twisted SYM. 

The formulations of the N = 2 D = 4 twisted SYM in terms of the superconnection 
method are given in [HJ [23] • In [2], the detailed analysis originated from the N = D = 4 
Dirac-Kahler point of view is also explicitly elaborated. We start from the following = 
2 D = 4 twisted SYM constraints in the twisted superspace (x, 9 + ,9+, 9+ a ) [H 



{V + ,V+} = -iV,, {V+,V+} = +i5%, v V v _, (3.1) 
{V + ,V + } = -iW, {V+,V+} = -i5; upa W, (3.2) 
{V+ V+} = -iS^F, {others} = 0, (3.3) 

where the symbol is defined as = 8 W 8 U(T — S^ a 5 up + e pupa . The second rank tensor 
V+„ satisfies the self-duality condition, \e pvpa V^ a = V^. The symbols (V + ,V^, V^) are 
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denoting the supergauge covariant derivatives which consist of the N = 2 D = 4 superderiva- 
tives (D + ,D+,D+ a ) and the superconnections (T + , r+, r+ ), 



v; 



per 



(3.4) 
(3.5) 
(3.6) 



where the superderivatives (-D + , -D^, -D^) satisfy the following N = 2 D = A twisted SUSY 
algebra, 



{D+,D+} = -id^ {D+Dt} = +iS+d„, {others} 



0. 



(3.7) 



We denote the expansions of the bosonic gauge covariant superfields (V+, W, F) in the r.h.s. 
of (UnD-Q as, 



dp - iAf, 



W 



A + 



B + 



(3i 



where the A^, A and B are representing the four dimensional gauge field and the two 
independent scalar fields, respectively. All the component fields in the V M , W and F can be 
expressed by the combinations of the component fields embedded in the superconnections 
(r + ,r+,r+ CT ) subject to the constraints ( l3.1l) -( l3T3l) . The dots in (13. 8ft denote the possible 
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0^,6p a ) expansion terms. 



The SO{A)e x SU{2) R rotational properties of the (super) covariant derivatives are given 



by 



\J + v + 

[ u pui v pa 
\RfW 1 ^ pa 



,V + " 

pui v p . 



2 pupa v 1 ^ \ w pup\ v aX 



= _l«y- v + , 

2 pupa v a ' 
°pua\ V p\)> 



0. 



[j^,w] = [jj,in = [j^,ifi 



5 + V 

2 pupa v er.) 



c— 

2 pupa 



0. 



--v+, 

2 p' 
+-5+ V H 

1 2 pupa v 



—(J" v + , 

2 pupa v (T ' 



+ 4 



[^,V+] = [i£,,V£] = 0, 



(3.9) 
3.10) 
3.11) 
3.12) 
3.13) 

3.14) 
3.15) 
3.16) 
3.17) 



where and J denote the self-dual and anti-selfdual part of SO(4)e Euclidean Lorentz 
generators while the denote SU{2)r internal rotation generators. Note that is also 



subject to the self-duality condition, i£+ = \e^ upa R^ a . The symbols S^ uoa = S^pS^ — S^S^pi 



2^pupa- Ll 'pa- 



tpupa are projecting the self-dual and anti-selfdual part, respectively. 



* pupa 
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Now we perform the dimensional reduction of the N = 2 D = A twisted SYM constraints 
to the N = 4 D = 3 constraints. We take the component fields independent of the fourth 
direction and denote the (super)gauge covariant derivatives in terms of the following 
N = A D = 3 notations, 

V+^V 1 , V+^V 2 , V+^V 2 , V+^Vi, V+^-V 2 , (3.18) 
V&->Vi, V+^-V*, V&-V}, VJ^-G, (3.19) 

where the G is representing the scalar field originated from the gauge field in fourth di- 
mension. By the dimensional reduction, the original Euclidean rotational group SO(4)e is 
reduced into SU(2)e which is the covering group of three dimensional Euclidean rotation 
SO(3)e, while the original internal symmetry £77(2) # remains intact. Furthermore, as is 
pointed out in [26], we have yet another £77(2) symmetry associated with the N = 4 D = 3 
SUSY algebra, which is denoted as £77(2) at. The existence of two independent internal sym- 
metries SU(2) R and SU(2) N leads to the two possible topological twists [T7J [18] which we 
will explicitly see in the following. 

In terms of three dimensional notation (|3.18j) - (|3.19|) . the constraints (I3.1l) - (l3.3p turn into 
the following form of N = A D = 3 SYM constraints, 

{V<\V>} = -ie ab V,, {V*,V*} = +ie a % up V p - i5^ a \ (3.20) 
{V a ,V 6 } = -i(j) a \ {others} = 0, (3.21) 

where the subscripts /i, u, p run from 1 to 3 while the SU(2) N superscripts a, b take 1 or 2. 
The scalar fields 4> ab form the triplet state of SU (2) ^ where each component of <fi ab is defined 
by the scalar fields introduced in (13.21) . (13.31) and (I3.19p . 

11 = W, <P 12 = cj) 21 = G, cj) 22 = F. (3.22) 

The transformations of the supercovariant derivatives under the whole symmetry group 
SU{2) E x SU{2) R x SU{2) N are given by 

[^V1 = [J p ,V a u ] = - l -e^ p v;- l -S^V a , (3.23) 

[^,V a ] = -1V», [R^Vl] = - l -e^ vp V a p + l -5, u V a , (3.24) 

[N„,V a A ] = \{i P ) ab V% (3.25) 

where J M , and N p denote the generators of SU(2)e, SU{2)r and SU(2)n, respectively. 
In the last line, represents any of (V a ,V^). The gamma matrices 7 M are taken as 
the Pauli matrices, j p (p = 1,2,3) = (cri, cr 2 , cr 3 ). The generators J M , i? M and obey the 
independent SU{2) algebra, 

[J^M = -ie^ V pJp, [R P ,Ru] = -ie pup Rp, [N P ,N U ] = -ie pup N p , (3.26) 
[J»,Ru] = [J„N V ] = [R P ,N U ] = 0. (3.27) 



4 The J M and i? M are denned by J\ = J^ 4 + J 14 , J2 = — J13 — J13, J3 — Jyi + ^12 ' = ^14 + ^14 ' 
i?2 = — -R13 — i?i3 and i?3 = i?^ + Ri 2 in terms of iV = 2 £> = 4 notation. 
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The first topological twist of N = 4 D = 3, which is called the A- type or the super BF 
type twist in the literatures, is given by taking the diagonal subgroup of SU{2) E x SU{2) R 
[T71 [TS] . After the twisting, the entire rotational symmetries are governed by the twisted 
Lorentz rotation (SU(2) E x SU {2) r) diag generated by J^ ag = J M + and the internal 
rotation SU(2)n by N^, 

[Jf* V a ] = 0, [Jf a9 ^l] = -ie w V; [N„V a A ] = \{l,) ab V% (3.28) 

namely, V a and are transforming as, 

V a :(l,2), V*:(3,2), (3.29) 

of {SU{2) E x SU{2) R ) diag x SU{2) N . It is also easy to see from the constraints (I3.20p and 
f)3.2ip that the gauge field and the scalar fields are transforming as, 

4,: (3,1), afc :(l,3). (3.30) 

Notice that the <p ab still transform as scalars after the A- type twist. By analyzing the Jacobi 
identities together with the constraints (I3.20p and (I3.2ip . one can construct the corresponding 
off-shell SYM multiplet which consists of the gauge field A^, the scalar fields <p ab as well as 
the twisted fermions p a , A° and the bosonic auxiliary field transforming as, 

p a :(l,2), A«:(3,2), # M :(3,1). (3.31) 

The SUSY transformations of the component fields and the corresponding SYM action of the 
A-type twist can also be obtained through the Jacobi identity analyses under the constraints 
fl3.20p - fl3.2ip just as in the previous section. 

The second topological twist of N = 4 D = 3, which is called the B-type or the Blau- 
Thompson type twist, is given by taking the diagonal subgroup of SU (2) E x SU (2) at [T71 [18] . 
One sees that the basis of appeared in (13.201) and (13.211) is not appropriate for the B-type 
twist since the operations of J M and iV M in (13.231) and (13.251) are not on the same footing. 
One of the appropriate basis for the B-type twist could be found after taking the following 
linear combinations of the super gauge covariant derivatives, 

iVl-Vl + iVl), (3.32) 

*V 2 + V^-zV^), (3.33) 

iVl + Vl-iVl), (3.34) 

zV} - V^ + zV 2 .), (3.35) 

and making the slight re-definitions of and N^, 

R 1 = — R 3 , R' 2 = —R2, R A = —Ri, (3.36) 
N[ = -N 3 , N' 2 = -N 2 , iVg = -Ni. (3.37) 



V' 1 = 


+-(V 1 + zV^ + V 2 


+ iV 2 3 ), 


V' 2 = 








-WD, 


v 2 = 






_l(V 2 + zV?-V^ 


-<vj), 


v 2 2 = 










v 3 2 = 
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We then see that the relations (I3.20l) - fl3.21l) are re-expressed as 

{V a V b } = _ ie Bt (v ^ + ^)) } (3.38) 
{V^Vf} = +ze a V P (V,-<^), {others} = 0, (3.39) 

where the 0^ are given in terms of W, F and G, 

(JyW^-iG, (2) = +~(W + F), (3) ee - 1 -{W-F). (3.40) 
Accordingly, the relations fl3.23l) - fl3.25l) are also re-expressed by 

[J^' a ] = [J„V-] = -I^V? - ^,V* (3.41) 

[a^v'i = -^v; a , [iv;,v;] = -^vj + ^v*, (3.42) 

K,V^] = \{l,) ab V a A . (3.43) 

Notice that, after the re-definitions fl3.32p - fl3.35p . the SU{2)e and the SU(2)n are operating 
on the same footing as if the role of the SU(2)n and the SU{2)r were interchanged. The 
second topological twist can be appropriately performed on this basis by taking the diagonal 
subgroup of SU(2)e x SU(2)n. After the B-type twist, the rotational symmetries are gov- 
erned by the generators J'^ ta9 = + N' and R' which are representing the twisted Lorentz 
of (SU (2) E x SU (2) N)diag and the internal rotation generators of SU (2) R , respectively. From 
fl3.4ip - fl3.43p . one could obviously see 

[jf a9 ,V a ] = 0, [Jf* V?] = -ie^pVf, [R'^V'X] = \h,) ab Vl (3.44) 
Namely the V /a and are transforming as, 

V /a :(l,2), V; a :(3,2), (3.45) 

of (SU(2)e x SU(2) N ) diag x SU(2) R . The gauge fields and the scalar fields (j)^> are 
accordingly transforming as 

A,: (3,1), 0^:(3,1). (3.46) 

Notice that, after the B-twist, the scalar fields transform as a three dimensional vector 
just like the gauge fields. The B-type twisted fermions (p a , X®) are transforming in a similar 
way as the A-type twisted ones while the auxiliary field H ah transform as a SU(2)r triplet 
states, 

p a :(l,2), A°:(3,2), H ab : (1,3). (3.47) 

It comes clear from the constraints f l3.38l) - fl3.39l) and the representations of the compo- 
nents (J335])-(J33ZD that the N = 4 D = 3 twisted SYM in Sec. [2] can be essentially identified 
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as the B-type twisted SYM described in this section. We have the following notational 
identifications for the SU{2) R doublet and triplet states, 

(V a ,Va)~VI ( P ,p)~p a , (A M ,A M )~A«, (G,G, K) <-> H ab , (3.48) 

where the appropriate sign re- definitions are understood. Note that the internal symmetry 
generators in Sec. |2] can be identified as N' in this section. The above correspondences 
indicate that the lattice formulation of iV = 4 D = 3 twisted SYM given in [6] is essentially 
classified as the B-type twisted SYM. 

4 The twisted N = 2 D = 4 and N = 4 D = 3 SYM from 
the lattice point of view 

Knowing the classification of the two inequivalent topological twists of N = 4 D = 3 SYM 
and remembering the lattice realization of B-type twisted SYM [6], one should ask the 
possibility of formulating the A-type twisted SYM on the lattice as well. In this section, we 
consider the lattice Leibniz rule and the lattice gauge covariance for the N = 2 D = 4 and 
N = 4 D = 3 twisted SUSY algebra and multiplet. We then explicitly see that the B-type 
SYM is only the case which can be consistently realized on the three dimensional lattice 
satisfying these criteria. 

Let us briefly remind the basic idea of the lattice Leibniz rule introduced in [U [S]. The 
importance of Leibniz rule is also stressed in the context of the non-commutative differential 
geometry on the lattice [27]. Since on the lattice there are no infinitesimal translations, the 
derivative operators should be replaced by the corresponding difference operators of either 
forward or backward, = id^ — > iA±p. The operation of the difference operators on the 
lattice is naturally defined by the following type of "shifted" commutators, 

(A ±M $(x)) = A ±lx <Z>(x)-$(x±n lx )A ±lx , (4.1) 

where the denote three dimensional lattice unit vectors. The A± fl are located on links 
from x to x ± n^, respectively, and taking the unit values for the generic site x, 

A±„ = {A ±lx ) x±n ^ x = Tl. (4.2) 

Correspondingly, we define the lattice supercharges Qa on the links from x to x + cia whose 
operations are defined by the "shifted" (anti) commutators, 

(QaHx)) = (Q A ) x+ a A , x ®(x) ~ R l<f>l $(z + a A )(Q A ) x+aA , x , (4.3) 

where the symbol |$| takes the value of or 1 for the bosonic or the fermionic $, respectively. 
Since the supercharges Q A are located on links, the anti-commutators of supercharges are 
naturally defined by the successive connections of link supercharges, 

{Q A , QBfx+a A +a B ,x = (Qa) x+aA+a-B ,x+as (Qb) x+a B ,x + (Qb) {Q A )x+a A ,x- (4.4) 

In terms of these ingredients, the lattice SUSY algebra can be expressed as 

{Q A ,QB}x+a A +a B ,x = (4.5) 
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X ~h CI A x + a A 



/ A.,, \ , ' A ^ \ 

x • - ■ * a; + n,, x - n,, > , « <• x 



x + a B x + a B 

Fig. 1: Lattice SUSY algebra sub- Fig. 2: Lattice SUSY algebra sub- 
ject to the condition (|4.6p ject to the condition (|4.7j) 



provided the following lattice Leibniz rule conditions hold (see Fig. [I] and Fig. [2]), 

a A + a B = +?v for A +(U , (4.6) 
+ a B = -n^ for A_ M . (4.7) 

It has been pointed out that the Dirac-Kahler twisted N = D = 2, N = 4 D = 3 and 
D = N = 4 SUSY algebra can satisfy such conditions [U El E]. Since these successful 
examples are explained in the references in detail, it is rather instructive here to begin with 
the Leibniz rule conditions for the twisted N = 2 D = 4 SUSY algebra and then see how 
the situations are improved by the dimensional reduction to the twisted N = 4 D = 3. 
The twisted N = 2 D = A SUSY algebra is given by 

{Q+,Q+} = id,, {Q+.Q+} = -i^ v d u , {others} = 0, (4.8) 

where fi,u,p,a run from 1 to 4. The symbols (Q + ,Q^,Q^ U ) denote the N = 2 D = 4 
twisted supercharges which transform as a scalar, a vector and a second rank self-dual 
tensor, respectively. The projector 5+ = 5 pp 5 va — S pa 5 up + e pupa picks up only the self-dual 
part. The lattice Leibniz rule conditions associated with the lattice counterpart of (14 M are 
expressed as, for example, 

a + + = ±ni, af 2 + ctj" = ±^2, etc., (4.9) 

where the signs are chosen to be positive (negative) if the corresponding difference operator 
is the forward (backward) type. All the conditions associated with the twisted N = 2 D = 4 
algebra are summarized in Table [3] Viewing these conditions, one can easily notice that they 
are actually over-constrained. For example, the total sum of cia along the diagonal part of 
Table [3] gives, 

yj a A = (a + + af) + (af 2 + a 2 ) + (csjj + a^) + (a+ 4 + a| ) 

= ±rii ± rix ± n\ ± n\ oc ri\ or 0, (4-10) 

while one of the off-diagonal combinations give rise to the different value of the total sum, 

} j aA = (af 3 + a*) + (af 2 + a 2 ) + (a+ 4 + a£) + (a + + a 4 ) 

= ±n 3 ± Hi ± n 2 ± n 4 , (4-11) 
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Table 3: Leibniz rule conditions for the Table 4: Leibniz rule conditions after the 
N = 2 D = 4 twisted SUSY algebra dimensional reduction 



which indicates that the a,A cannot have any definite values. The lattice Leibniz rule condi- 
tions for twisted N = 2 D = 4 thus do not have any consistent solutions. 

Now we perform a dimensional reduction to three dimensions by truncating the fourth 
dimension. By employing the SU(2)r x SU(2)n manifestly covariant notation in the last 
section, the N = 4 D = 3 twisted SUSY algebra of either the A-type or the B-type can be 
written as 

{Q a ,Ql} = +ie a %, {Q%Ql} = -ie a %, P d p . (4.12) 

The Leibniz rule conditions for the lattice counterpart of (I4.12p is summarized in Table 
HI Notice that the off-diagonal summations such as (14. lip turn to be irrelevant after the 
dimensional reduction since there are no conditions arising from the fourth direction. Taking 
a look at the total sum of a^'s in terms of the relevant combinations, one could realize that 
the total sum of a^'s should vanish in order for the N = A D = 3 Leibniz rule conditions 
to be satisfied, which means that one should have two forward difference and two backward 
difference operators for each direction. One of the possible choices for the iV = 4 D = 3 
lattice SUSY algebra is thus given by, for example, 

{Q\Ql} = +*e ab A + „ {Q%Q b u } = -ze'VpA^, (4.13) 

which is associated with the Leibniz rule condition, 

a a + al = +|e af K, < + ^ = -\e ab \\e^ p \n p . (4.14) 

As is presented in [6], the consistent solutions for the conditions (I4.14p are given by 

a 1 = (arbitrary) , a 2 = +n p — a 1 , (4-15) 

3 

a^ = — ^^77 A + a 1 , a 2 = +^^n A — a 1 . (4.16) 

A^/j A=l 

As is also stressed in j6], the eight supercharges of N = 4 D = 3 twisted SUSY algebra 
have one-to-one correspondences with all the possible simplicial elements in three dimensions, 
namely, 0-form, 1-form, 2-form and 3-form whose total number of components is 1+3+3+1 = 
8. This geometrical consistency with the Dirac-Kahler picture of the fermions essentially 
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provides the reason why the N = 4 D = 3 twisted algebra can be exactly realized on the three 
dimensional lattice. From this viewpoint, there is no wonder why the N = 2 D = 4 lattice 
Leibniz rule conditions do not have any consistent solutions, because in four dimensions 
we have 0-form, 1-form, 2-form, 3-form and 4-form whose total number of components is 
1 + 4 + 6 + 4 + 1 = 16. We obviously need the Dirac-Kahler twisted N = D = 4 SUSY 
algebra with sixteen supercharges to be exactly realized on the four dimensional lattice, as 
is already pointed out in [5]. 

Let us now turn to address the possibility of formulating the A-type twisted SYM on the 
lattice. We first remind that, in the manifestly gauge covariant formulation of the lattice 
SYM [HIE], each supercharge (Qa)x+(ia,x is replaced by the corresponding fermionic gauge 
link variable (V A) x +a A ,x whose gauge variation is given by 

x+aA,x x+a A ,x 

G~\ (4.17) 

where G x denotes the finite gauge transformation at the site x. In order for the SYM 
multiplet to be realized on the lattice, we need to take care of not only the Leibniz rule itself 
but also the lattice gauge covariance of the entire SYM multiplet as well. Although there 
is no distinction between the A-type and the B-type in the lattice realizations of the SUSY 
algebra itself (14.131) except for interchanging the roles of the SU{2)r and the SU(2)n, the 
situation becomes quite different when one comes to the gauge covariance on the lattice. 

For the B-type twisted SYM which is subject to the constraints (I3.38|) and (13.391) . we can 
successfully introduce the bosonic gauge link variables, (U± IJ ) x ± n x = {e ±,L ^ AtJ - ±<l>{>l) ^) x ± n ^ X} 
as the lattice realization of the gauge covariant derivatives, =f(<9 m — i(A^ ± <p^)) [6]. Note 
that the scalar fields (j>^\ transforming as a three dimensional vector after the twisting, are 
embedded in the bosonic gauge link variables U± fl . In terms of these link variables, the 
lattice counterpart of the constraints (I3.38j) and (I3.39|) can be expressed as 

{V a , V^} a . +a a +a 6 i2 . = +ie ab (U +ll ) x+ n ll ,x, (4-18) 

(4.19) 

{others} = 0, (4.20) 

where the anti-commutators in the l.h.s. are defined as the link anti-commutators as in the 
supercharge case (14.41) . 

{V°, V^}a. + a a +a b )X = (V a ) x+a a +a 6 iX+a b (V^) 3 . + a 6 ]:r . + ( V^) x + a 6 +Q a jX + a a ( V") x + a a j3 - (4.21) 

Notice that the Leibniz rule conditions (14.141) are nothing but the gauge covariance conditions 
for the B-type twisted SYM constraints (14.181) and (I4.19p . Furthermore, once the starting 
constraints are given in a gauge covariant manner, all the analyses of the Jacobi identities 
automatically respect the gauge covariance on the lattice thanks to the link definition of 
the (anti-)commutators. In this way, the gauge covariance for the B-type twisted SYM is 
manifestly maintained on the lattice. @ 



5 As is claimed in [6], we need to introduce covariantly constant fermionic parameters tja in order to 
maintain the gauge covariance associated with the twisted SUSY variations of the component fields on the 
lattice. 
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As for the A-type twisted multiplet in contrast, one finds that the scalar fields <fi ab are 
embedded in the constraints (13.201) and (13.211) as follows, 

{V a , V 6 } = {V?, V?} = {V^, V fe 2 } = {V*, V\} = -i^ a \ (4.22) 

This "diagonal" embedding of the scalar fields is directly related the fact that the <fi ab are 
transforming as scalars under (SO(3)e x SO(3)R)diag even after the twisting (See (13.301) ). 
The crucial observation here is that the equalities in (I4.22p can never be simultaneously 
satisfied on the lattice since the solutions for the lattice Leibniz rule (I4.15p - (I4.16I) indicate 
that each anti-commutator should be located on a different link each other. For example, 
in the case of a ^ b we have the four anti-commutators obviously located on different links 
each other, 

i V } x +ni+n2+ri3,x j { , V^}a;+ni— T12 — n^,xi { ^2}^— m+H2— n,3,xj {^3 ; ^3}^;— n\— U2+n-i,x ■ 

(4.23) 

Likewise, we do not have any chance to simultaneously satisfy the equalities in (I4.22|) in 
the case of a = b, either. Thus, the scalar fields (p ab in the A-type twisted multiplet can 
never be located on any definite links on the three dimensional lattice. We conclude that, 
amongst two types of the iV = 4 D = 3 twisted SYM, only the B-type twisted multiplet can 
be realized on the lattice keeping the Leibniz rule and the gauge covariance on the lattice. 
Namely, the formulation given in [6] is the unique lattice realization of iV = 4 D = 3 twisted 
SYM satisfying these criteria. 

One may wonder why the A-type multiplet fails on the lattice even though the starting 
constraints for the A-type (I3.20p - (l3.2ip and the B-type (I3.38p - (l3.39p are related each other by 
the linear combinations fl3.32j) - (l3.35[) . One should remind here that although the A-type and 
B-type basis are related each other, those two give rise to the inequivalent theories after the 
twisting since they respect the different diagonal subgroups of the Lorentz and the internal 
rotations. The above analysis suggests that only the B-type twisted rotational subgroup can 
be survived on the three dimensional lattice consistently with the gauge covariance of the 
lattice SUSY multiplet. 

It should be mentioned here that we had a similar situation also in the twisted N = 
D = 2. The existense of two inequivalent twists in the N = D = 2 SYM is originated from 
the two inequivalent internal symmetries, the ghost number U(l) and the SO(2)ji internal 
rotation^] In the lattice formulation proposed in [5] , we introduced the scalar fields in such a 
way that they transform as a two dimensional vector after the twisting. We could maintain 
the gauge covariance of the N = D = 2 twisted SYM multiplet on the lattice by embedding 
the gauge fields and the scalar fields in the bosonic gauge link variables just as in the B-type 
twist of N = 4 D = 3 explained above. The other twisted basis of N = D = 2 turned out 
not to accommodate the lattice gauge covariance just as in the case of the A-type twisted 
iV = 4 D = 3. The lattice formulation given in [5] is thus providing the unique lattice 
realization of iV = D = 2 twisted SYM compatible with the lattice Leibniz rule and the 
gauge covariance on the lattice. 

6 The author thanks I. Kanamori for his comments and discussions. 
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5 Summary & Discussions 



An entirely off-shell formulation of the N = 4 D = 3 twisted SYM is presented. We employ 
the twisted superconnection method in order to provide an manifestly gauge covariant off- 
shell framework. Although the formulation is given in terms of the twisted basis, the resulting 
SYM action respects the entire symmetry group of the three dimensional Lorentz rotations 
SU(2)e and the internal rotations SU(2)r in the flat spacetime. We also explore the two 
inequivalent twisted SYM of N = 4 D = 3 rather explicitly and we then show that the recent 
proposal of iV = 4 D = 3 twisted SYM on the lattice [6] is essentially classified as the B-type 
twisted SYM. We also consider the possibility of realizing the N = 2 D = A twisted SYM as 
well as the N = A D = 3 A-type twisted SYM on the lattice by analyzing the lattice Leibniz 
rule and the gauge covariance on the lattice. We then show that the N = 2 D = 4 twisted 
SUSY algebra cannot satisfy the Leibniz rule conditions on the four dimensional lattice and 
that the A-type twisted SYM multiplet cannot be compatible with the gauge covariance on 
the three dimensional lattice. The analyses show that the lattice formulation given in [6] is 
the unique realization of TV = 4 D = 3 twisted SYM on the lattice satisfying these criteria. 
In the same respect, we also mentioned that the two dimensional lattice SYM formulation 
given in [I] is providing the unique formulation of N = D = 2 twisted SYM on the lattice. 

In this paper, we also explicitly derive the twisted SUSY exact relation between N = 
4 D = 3 twisted SYM and the super Chern-Simons entirely in the off-shell regime. Thanks 
to the off-shell structure, we clarify the twisted SUSY invariant nature of these super Chern- 
Simons actions. We point out that the existence of the sub-algebra and the sub-multiplet 
in the N = 4 D = 3 is responsible for the twisted SUSY invariance. We observe that these 
relations are also playing important roles when studying a possible formulation of the super 
Chern-Simons on the lattice. The result of this analysis will be given elsewhere. 
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